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Abstract: The question ofwhen one regular polytope (finite, convex) embedds in the vertices ofanother, 
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1 Introduction 
It is well known that among the 8 vertices of a cube one can select 4 so as to form 
the vertices of a regular tetrahedron (3-simplex), and that among the 2{3 vertices of a 
dodecahedron one can select 8 that form the vertices of a cube. This is illustrated in 
Figures 1,2, and historically goes back to antiquity (e.g. Euclid[9]) as well as the work of 
Kepler [12]. 
A regular 2-simplex (equilateral triangle) clearly does not embed in the vertices of a 2- 
cube (square). Most mathematicians would be surprised to learn that the next dimension 
in which a regular n-simplex embedds in the vertices of an n-cube is n = 7. This was 
first brought to the attention of the authors by Prof. John Wilker of the University of 
Toronto, and it is to his memory that this article is dedicated. It is a mostly expository 
account of the general question of when such vertex embeddings occur for two regular 
(convex, finite) euclidean polytopes of the same dimension, a subject that is not easy to 
extract in its entirety from the literature, and deserves to be better known because of the 
beautiful interplay of geometry, combinatorics, and matrix theory inherent in its study. 
We shall also see that there are relations to number theory and algebraic topology. The 
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authors have tried to take advantage of some of the possibilities of computer graphics to 
illustrate various vertex embeddings, e.g. Figure 3 shows the regular 7-simplex embedded 
in the 7-cube alluded to above (also see §4 for further explanation of this). 
Figure 1" Tetrahedron i scribed in a cube (c~a < 73) 
Figure 2: Cube inscribed in a dodecahedron (~3 < 61~) 
The partial order which we call vertex embedding can be defined for any two polytopes 
P, Q c ~n of respective dimensions p, q. Write V(P) for the vertex set of the polytope 
P. 
1.1 Definit ion: P < Q if and only if there exists a polytope P~ similar to P with 
V(P') c_ V(Q). 
Remark: By a minor abuse of notation, we sometimes identify P with P~ without 
specifically saying so. 
This partial order is undoubtedly very interesting to study in general, however as 
mentioned above we confine ourselves here to regular convex polytopes having the same 
dimension. Also, since the 2-dimensional situation is fairly trivial, we consider only n > 3. 
Obvious necessary conditions (in the general case) that P < Q are p < q, and IV(P)I < 
[V(Q)I (i.e., Q has at least as many vertices as P). For example, the second condition 
already implies that no regular (or even arbitrary) n-dimensional polytope embedds in 
the n-simplex, apart from the simplex itself. A few other "obvious" conditions turn out to 
be false, indeed the next section mentions three possible errors of this type, one of which 
appears in the well known book [10] by Hilbert and Cohn-Vossen. 
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Figure 3 : (~7 < 77 
m 
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Our main theorem (Theorem 1) will give all possible vertex embeddings of regular 
polytopes (of the same dimension), which at the present state of knowledge is complete 
through dimension 426. Before stating it, however, we briefly review the regular euclidean 
polytopes in dimensions n _~ 3, set up some notation for them, and also define Hadamard 
matrices. The polytopes under discussion will all be assumed to be finite and convex, 
throughout his paper. We remark that the regular polytopes are traditionally called 
regular polyhedra or Platonic solids in dimension 3 (and regular polygons in dimension 
2). 
It was not until the 1840's that euclidean geometry in dimensions exceeding three was 
first considered, the pioneering work being done by Hamilton, Cayley, Grassmann, and 
MSbius. Some ten years later the Swiss mathematician Schl~fli established the main facts 
about the regular polytopes in R n (cf.[16], which unfortunately was published posthu- 
mously), and the proofs were simplified (as well as published for the first time) by the 
American mathematician Stringham in 1880121]. The main theorem asserts that for n > 5 
there are only three regular polytopes, the regular n-simplex an, the n-cube I n = %, and 
the dual n-cube /~n called the n-orthoplex. For n = 3, in addition to a3,t33, and 73, 
there is the dual pair C20 (icosahedron) and C12 (dodecahedron), while for n -- 4 there 
are a4, 34, 74 and three additional regular polytopes, C24 being self-dual and C600, C120 
a dual pair, with 24, 120, 600 vertices (respectively called the 24-cei1, 600-cell, 120-ce11). 
The standard reference on the subject is Coxeter's 1947 book [4], among many others we 
mention the 1964 book [6] by Fejes Toth and the recent article by Stillwell[20]. For the 
most part we are following Coxeter's notation and terminology, however he calls the cube 
a measure polytope and the orthoplex a cross polytope. 
1.2 Definit ion: A Hadamard matrix (H-matrix) of degree n is an n × n matrix A 
with entries ±1, satisfying AA t = n I ,  where I is the identity matrix of degree n. Simple 
examples, for n = 2, 4, are 
[1 '1 A= 1 -1  ' A _ 
1 1 1 1 
-1  1 -1  1 
-1  -1  1 1 
-1  1 1 -1  
The first example is somewhat exceptional, since for n > 2 it turns out that 4In is 
a necessary condition for the existence of such a matrix. The theory of H-matrices is 
extensive (cf. [8], p. 729) and will be discussed further in §4. In particular H-matrices of 
order n = 4m are conjectured to exist for all m ~ 1. They are at present known to exist 
for all m < 166, with the possible exception of m = 107, and for (infinitely) many 
other values of m. The authors are indebted to Prof. Jenny Seberry of the University of 
Wollongong for the recent references and current information about Hadamard matrices. 
We can now state the main theorem, including n = 2 for completeness (Pro denotes a
regular polygon of m sides). As usual, poset means partially ordered set. 
1.3 Theorem 1: All vertex embeddings of regular polytopes are as follows. 
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(a) For n = 2, Pi <- Pi iff i l j , 
(b) For n = 3, the poset of regular polytopes under vertex embedding is
~3- -  73 
(c) For n = 4, the poset is 
O~ 4 
/34 7a 624 
6'12 (i.e. aa < 7a < C12) , 
C6o0 C120, 
(d) For n > 2, the following are equivalent: 
(i) a~-i < %-1, 
(ii) fl~ < %, 
Off) there exists a Hadamard matrix A of degree n. 
(e) For n > 4 there are no vertex embeddings apart from those given in (d). 
1.4 Corol lary:  One has Og4m_ 1 < 74m--1 and flare < %m for all m = 2 a • t, a >_ 0, 
1 < t < 106, 108 < t < 166. 
1.5 Corol lary:  The only regular polytope in which all other regular polytopes of the 
same dimension embed is C120, and the only one which embedds in all others of the same 
dimension (excluding the simplex) is fla. 
In §3 the proofs for the various parts of Theorem 1 will be outlined. It should be 
mentioned that the geometrical spects date back to Euclid [9] and Kepler [12] for n = 3, 
to Schoute [18] for n = 4, and to Barrau [1] and Coxeter [5] for n > 4. The idea of a 
Hadamard matrix is probably due to Sylvester [22], and they are called U-matrices by 
Paley [14]. The combinatorial pproach to finding Hadamard matrices is due to Todd [23] 
and has since been studied by many authors. In Coxeter's terminology, vertex embeddings 
are called "compounds", and as an example the embeddings we have written aa < %, 
oL3 < 612, 73 < C12 would be written respectively Va[2e~a], {5, 3}[5O6a], 2{5, 3}[573]. 
Here {5,3} is the Schl~fii symbol for the dodecahedron C12, the compound notation means 
the cube contains two disjoint copies of the 3-simplex, the dodecahedron contains 5disjoint 
copies of the 3-simplex, and the dodecahedron is covered twice by 5 copies of the 3- 
cube. The proofs in §3 will emphasize the geometric approach, and in §4 some of the 
combinatorial nd algebraic aspects will be discussed. 
2 Caut ions 
In this short section we mention three errors one should be careful to avoid, and also 
explain the dual notion of "face (or facet) embedding". 
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2.1 Remark: P _< Q does not imply IV(P)[ [V(Q)J. A simple counterexample is 
73 < C12, since 8 { 20. 
2.2 Remark: P _< Q does not imply ~(P) is a subgroup of ®(P), where ~(P) is 
the group of symmetries of a polytope P. Again 73 < C12 furnishes a counterexample: 
®(73) is the binary oetahedral group of order 48, ~(C12) the binary icosahedral group of 
order 120, and since 48 { 120 the first group cannot be a subgroup of the second. In [101, 
p. 92-93, this very error is made. It is also asserted there that the condition ~(P) being 
a subgroup of ~(Q) is sufficient o imply P _< Q, this implication is in fact correct (for 
regular polytopes). 
2.3 Remark: P < Q does not imply P* < Q*, where P*, Q* are the dual regular 
polytopes to P, Q respectively. A simple counterexample is a3 < 73, but a3 = a~ ~/33 = 
7~ • What is true is that the facets of P* embed in the facets of Q* (more precisely in 
their affine extentions). This is called a face regular compound by Coxeter. The face 
regular compound (or "facet embedding") ofa3 in j33 is denoted [2a3]J33 by Coxeter, and 
is depicted in Figure 4 below. 
A 
B/ x, 
Figure 4: The facet embedding of a3 in j33. 
3 Proo f  of  the Ma in  Theorem 
We shall first prove (d) and (e) of Theorem 1, then (b) and (c). No comment is necessary 
for (a). The geometrical pproach will be emphasized here, and §4 will give a brief account 
of the algebraic and combinatorial pproaches. For the geometrical pproach, two very 
useful tools are a set of explicit vertices, called a "cartesian model" or simply "model", and 
the ratio f the edge to the radius of the circumscribed sphere (which can easily be deduced 
from the explicit vertices). All these can be found in [4], and for the edge-circumradius 
ratio even go back to Euclid [9] for the 3-dimensional case. Following Stillwell [20I, we 
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write ER(H)  = e( I I ) / r ( I I )  for the ratio of edge to circumradius of a regular polytope II 
(Stillwell uses the circumdiameter).  This measurement is part icularly useful in the case 
P < Q of vertex embeddings of regular polytopes of the same dimension, for P' ,  Q 
then have the same circumsphere (cf. Definition 1.1). For convenience we often write 
e2(II) = (e(H)) 2, etc. 
Before proving (d), let us first recall the simple models for an, fl~, "Yn. The n-simplex 
~ has vertices e~, e2, . . . ,  e~+~ E R~+~, where e~ are the usual unit vectors. The n- 
orthoplex fin has the 2n vertices {4-e~ : 1 < i < n} C R n. Notice that for fin (or any 
similar n-orthoplex) each vertex v has a unique antipodal vertex v', and for any other 
vertex w :~ v, v', 
1 
- w l l  2 = I I v ' -  = -  'll 
Furthermore, the n vectors v' - v joining each vertex to its ant ipodal vertex form an 
orthogonal basis for R ~ (strictly speaking we select one vector from each pair +(v '  - v)). 
Finally, the n-cube "y~ has the 2 ~ vertices {(x~, . . . ,  xn) : x~ = 4-1}; a second useful model 
has vertices {(X l , . . . ,  x~) : xi = 0,1}. 
From these models, or otherwise, we have 
ER2(~,  ) 2(n + 1) ER2( f ln )  : 2, ER2(~/~) 4 
n n 
3.1 Lemma:  Let a~- i  < "~n-1, where "~n-1 has vertices V(7~-1) = {(x l , . . . , xn -1)  : 
x, = +1}, and V(an-1) --- {v l , . . . , v .}  C V(7~_1 ). Then n is even, say n = 2m, and 
I1 , -  Jll = 4, (1 - 5 , j ) .  
Proof: Without  loss of generality we may assume Vl = ( -1 , -1 , . . . ,  -1 )  and 
v2 = (1 , . . . ,1 , -1 , . . . , -1 )  (with m l 's),  then Ilvl - v21[ 2 = 4m whence IIv~ - v~ll 2 = 
4m(1 - 51j). But the circumradii are equal, so we also have 
4,~ _ % _ v~ll~ _ ER~(a~_,)  _ n - l _  ~2-~ 
4 ¢2(~_1) E~(~o_ I )  ~ 2'  n--1 
whence n = 2m. [] 
3.2 P roo f  of  Theorem l (d ) .  
(i) ~ (ii) Suppose c~n_l < q'~-l, where as in the previous lemma 7~-1 has vertices 
V(Vn_l) = {(Xl , . . .  ,Xn_l) :  X i = q-l} and we write V(c~n_l) = {(x i l , . . .  ,x~(~-l)) : 1 < i < 
n}. Using Lemma 3.1, it is now easy to check that the 2n vertices {4-(x,~, ...., x~(~_~), 1)} C 
~n give a vertex embedding fl~ < %. 
(ii) ~ (iii) Suppose fl~ < "In, where here it will be convenient o take V(3'~) = 
{(x l , . . . ,  x~) : x, = 0, 1}. For each vertex v~ = (xn , . . . ,  x~) of ft,, its ant ipodal vertex 
vi' E fl~ must be v i' = (1 - xi l ,  . . .  ,1 - xin) (since the two polytopes have the same 
circumsphere). Then v i' - vi = (1 - 2x~1, . . . ,  1 - 2x~) has entries 4-1, and as we have seen 
these vectors are mutual ly orthogonal. So they form the rows of a degree n H-matr ix.  
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(iii) ~ (i) Given a degree n H-matrix A, by changing the signs of individual row 
vectors where necessary we may assume the last column is a~,~ -- -1,  1 < i < n. The n 
vectors vj = (au, . . .  , a(n-1)j), 1 <_ j < n, satisfy v: C %-1 (since aij = ±1), and clearly 
(vi,vj) = { -1  ,i ~ j 
n - l , i= j  
implies [Ivi - v~ll ~ = Ilvd? - 2(v,,vj) + [[viii 2 = 2n(1 - 51j), i.e. v i , . . .  ,v n form the 
vertices of a,~-l. [] 
3.3 P roo f  of  Theorem l(e). 
We have already mentioned that IY(P)t < tV(Q)I is a necessary condition for P _< Q. 
This implies/~,~  c~, 3'~ ~ ~,~, and % ~ ~.  Since IV(c~)[ = n + 1 and [V(•)I = 2n, 
any set of n + 1 vertices of V(~n) contains at least one antipodal pair v~, v~ with distance 
2, and at least one non-antipodal pair v~, vj with distance V~, i.e. the n + 1 vertices are 
not equidistant and thus ~ ;~ ~.  [] 
Remark: This proof holds for n > 3, so it also helps with the proofs of parts (b), (c). 
We have already had occasion to use the edge-circumradius ratio ER(H) of a regular 
polytope II. Now, before completing the proofs of (b) and (c), we introduce a stronger 
metrical invariant. Indeed, for any regular polytope P let the set of possible edge lengths 
between its vertices be written (in increasing order) dl = e(P) < d2 < ... < d8 (for 
any centrally symmetric regular polytope, i.e. for any regular polytope xcept c~n, d~ = 
2r(P)). Normalizing these lengths to the circumsphere of radius 1 gives the following. 
3.4 Definit ion: T(P) :-= {dl/r(P), ..., d~/r(P)} .
It is elementary to calculate T(P) from any model for P. Also note that d~/r(P) = 
ER(P),  and that except for o~, d~/r(P) = 2. If P < Q, we may suppose without loss 
of generality they are both inscribed in the same unit sphere and V(P) C V(Q). This 
clearly implies the following very useful "metric condition". 
3.5 Metr ic  Condit ion:  A necessary condition for P < Q is that T(P) C T(Q). 
This criterion will suffice for the non-embedding results in (b), (c), while the positive 
results can be found using the explicit models. Note that the metric condition also can 
be used to suggest possible vertex embeddings. 
3.6 P roo f  of  Theorem l(b).  
In addition to the Cartesian models for a~, ~,  % mentioned above (for n = 3), the 
icosahedron C20 has the 12 vertices (0, +% ~1) under cyclic permutations (i.e. under the 
action of the alternating roup ~3), while the dodecahedron C12 has the 20 = 12+8 vertices 
(0, 4-~ --1, 4-v) under ~3 together with (-4-1, =/:1, +1). Here ~- = (½)(vfh+ 1) = 1.61803... 
is the golden ratio, and satisfies ~.2 _ ~- _ 1 = 0. The field Q[v] = Q[v/-5] is a quadratic 
extension of Q. Thus any rational function in ~- can be uniquely written as a~-+b, a, b E Q 
(e.g. T -1 . . . .  ~" 1,(~'+2) -1 ~(~" -- 3), 73 = 2v + l, etc.) by standard methods of field 
theory. With this in mind it is slightly tedious but elementary to compute the following 
table (by T2(Q) we mean {x 2 :x  e T(Q)}, all numbers are squared for convenience). 
Vertex Embeddings of Regular Polytopes 347 
T'(n) 
~3 -3 8/3 4 
/93 1 2, 4 
73 a 4/3, s/3, 4 
C20 7+2 4(3 -7) /5 ,  4(7+2) /5 ,  4 
C12 3 4(2--7)/3,  4/3, 8/3, 4(7+1) /3 ,  4 
Table 1 : Measurements for the Platonic solids. 
Applying 3.5 we see at once that a3 < 73, a3 < C12, and 73 < C12 are the only possible 
vertex embeddings. And of course we already know these vertex embeddings do exist, e.g. 
from Euclid [9] and Kepler [12], or from Figures 1, 2, or from the existence of a degree 4 
H-matrix (which implies a3 < 73 by part (d) of our theorem) and the obvious embedding 
of 73 into the final 8 vertices of C12 in the above models. 
3.7 P roo f  of Theorem l(c).  
In addition to the above models for a4, ~4, 74, models for the remaining three regular 
polytopes in R 4 are as follows. The numbers in the last column give the vertex count for 
each set of vertices. 
C24 (--}-1, ±1, 0, 0) under ~4 24 
C~0o (-4-2, ±2, 0, 0) under G4 24 
( iv/5, ±1, ±1, 4.1) under ~4, with xlx2x3x4 < 0 32 
(4.7 -2, "4-7, ±7, ±7) under @4, with xlx2x3x4 > 0 32 
(4.T 2, 4.7 -1, -4-7 -1, ±7 -1) under ®4, with xlx2x3x4 > 0 32 
C120 4-2, +2, O, O) under @4 24 
-4-vr5, 4-1, +1, '4-1) under G4 64 
4.T -2, -4-T, 4.7, 4-7) under @4 64 
±72 , -4-7 -1 , ±7 -1 , ±7 -1 ) under @4 64 
4-72, :t:T -2, ±1,0) under ~4 96 
• 4.%/5, "4"T -1 , 4-71 0) under ~4 96 
±2, ±1, ±~-, ±T -1) under ~t4 192 
Table 2: Vertices for C24, C6oo, C12o 
We already know t34 < 74 from (d) and the existence of / /4  (alternatively, a new 
model for/94 consisting of the eight vertices (0, 0, 0, 0), (1, 1, 1, 1), and (1, 1, 0, 0) under 64 
makes this embedding explicit and transparent). To see that 3'4 < C24, consider the 
2 × 2 matrix A and 4 x 4 matrix B given by 
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[ ::l B=[A 01 A= -11  ~ 0 A ' 
Clearly (~)B:  E 50(4), and it is easily verified that the linear transformation ( : )B 
takes the 16 vertices of 74 to the 16 vertices ( i l ,  0, 4-1, 0), (0, ±1, 0, 4-1), (4-1,0, 0, 4-1), 
(0, 4-1, 4-1, 0) of C24. Thus 74 < C24. The vertex embeddings C24 < C600 and 6'6oo < C120 
are self evident from the explicit vertices given above. The remaining vertex embed- 
ding in dimension 4, a4 < C:20, is (surprisingly) not very obvious, one such explicit 
embedding is given by the five vertices v0 = (2, 2, O, 0, ), Vl = (-1,  0, ~.2, 7-2), v2 = 
(0,-1,  _~_-2, _~.2), v3 = (-2,  1,--T,~--:),V4 = (1,--2,--T-:,  T)of  C120. 
To complete the non-embeddings results, in the light of the positive results above and 
taking account of the trivial necessary condition [V(P)I < {V(Q){ as well as transitivity, 
it suffices to show a4 ¢ 6'6oo. This follows from 3.5 since T2(a4) = {~} ¢: T~(Cso0) = 
{2 - T, 1, 2, r + 1, 3, ~- + 2, 4} . [] 
3.8 Remarks :  1) The models used in Table 2 are taken from [4] with the exception 
of Cso0. This new model is chosen so that the embeddings C24 < 6'6o0 and C6oo < C12o 
are obvious. It is related to that of [4] by the matrix B. 
2) The full table of 17 and T2(II) for the 4-dimensional regular polytopes was not needed 
or given above. However, if one had no prior knowledge of the embeddings, this table 
could have been used to discover them. 
3) Some of the vertex embeddings in R 4 are depicted in Figures 5,6 below. 
Figure 5 : /34 < "Y4, /34, and 74 
4 Further algebraic and combinatorial aspects 
The geometric significance of the existence of degree n H-matrices has been explained 
in Theorem l(d). In this section we give a brief introduction to how H-matrices are 
Mso related to combinatorics and other areas of mathematics, starting with a purely 
combinatorial description of H-matrices that is essentially due to Todd [23]. Proofs will 
be generally omitted or just outlined. 
Vertex Embeddings of Regular Polytopes 349 
Figure 6 : ")'4 < C24 
4.1 Def in i t ion:  Let n > r > q, then the generalized Kneser graph K(n,  r, q) is the 
with (:)  vertices all r-subsets of the n-element set {1, 2, ..., n}, and with two such graph 
r-subsets A, B joined by an edge if and only if IA A B I = q. 
Remark: The classical Kneser graphs (cf. [13]) correspond to the case q = 0, i.e. A, B 
are disjoint. Note that there is a duality K(n,  r, q) ~ K(n ,  n - r, n + q - 2r) obtained 
by replacing each r-subset with its complement. 
4.2 Def in i t ion:  A complete subgraph K~-I of K(n-  1, 2m, m), where n = 4m, 
is called an Hadamard esign of order n. 
In other words, an Hadamard esign of order n = 4m consists of (n - 1) 2m-subsets 
of {1,2, ...,n - 1}, each pair of which meet in exactly m elements. In combinatorial 
language this is an example of an SBIBD (square balanced incomplete block design), cf. 
[8] p.729. 
4.3 P ropos i t ion :  If n >_ 3 and a degree n H-matrix exists then n = 4m; in this 
case the existence of an H-matrix is equivalent to the existence of an Hadamard esign of 
order n. 
Proof outline: Denote the H-matrix by A, and without loss of generality assume the 
first row and last column of A are all (+l) 's ,  i.e. alj = ain = 1. If the second row has 
r (-1)'s, then clearly by orthogonality n = 2r. The third row will also have r (-1)'s, 
supposing that m of these are in the same columns as the (-1)'s of the second row one 
easily finds, again by orthogonality, that r = 2m and thus n = 4m. Neglecting the first 
row, the (-1)'s in the remaining n - 1 rows then form a Hadamard esign {X2, . . . ,  X,~}, 
where X/ = {j : a/j = -1}.  Conversely, by reversing this process, such a Hadamard 
design determines the (-1)'s in a degree n H-matrix. [] 
The term Hadamard matrix seems to have been first used by Williamson in 1944 [24], 
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in reference to Hadamard's paper [7]. It seems likely that the idea originated earlier, 
cf. Sylvester [22]. Here we content ourselves with a brief introduction to their extensive 
theory, that illustrates ome of the basic constructions of H-matrices (or equivalently H- 
designs or dual H-designs) connected respectively to projective geometry, linear algebra, 
and number theory. Note that a dual H-design is a Kn-1 C K(n  - 1, 2m - 1, m - 1). 
4.4  Const ruct ions  of  H-matr ices :  (a) For n = 2 k, a (dual) H-design is obtained 
from the hyperplanes in the k-dimensional finite projective space (Z/2)P k, one simply 
takes the n -  i hyperplanes as X1,. . .  ,X,,-1 (each hyperplane has n -  1 points, and 
each pair of distinct hyperplanes intersect in a subspace of dimension k - 2 which has 
cardinality 2 k-2 - 1). 
(b) If A, B are H-matrices of degrees m, n respectively, then A ® B is an H-matrix of 
degree mn.  
(c) If n -  1 = 4m - 1 = p (say) is prime, then an H-design is obtained from the 
quadratic residues in z /p  and their translates, specifically let X~ = {x  2 + i, x E Z /p} .  
Notice that these three constructions, which are essentially due to Paley [14] (written 
in modern notation), already suffice to obtain H-matrices of order 4m, 1 _< m _< 6 (and 
hence also 2 a • m, a > 0, 1 < m _< 6). They have been extended in several ways (e.g. 
(c) can be extended to quadratic residues in a suitable Galois field of order pk), for more 
details we refer the reader to [14], and for surveys of the subject cf. [19] or [8] pp. 729- 
730. We now illustrate how methods (a), (c) give a degree 8 H-matrix, the associated 
embedding a7 < 77 was shown in Figure 3. 
The hyperplanes in (Z/2)P 2, i.e. the lines in Figure 7 below form seven 3-subsets of 
{1, 2 , . . . ,  7}, each pair intersecting in a singleton. Thus they form a /(7 C K(7, 3, 1) 
K(7, 4, 2). The 8 vertices of a7 illustrated in Figure 3 correspond to the empty set and 
the complementary subsets of the 7 lines of (Z/2)P 2 in Figure 7. For example the point 
{1, 2, 3, 4} in Fig.3 corresponds to the complement of the line {5, 6, 7} in Fig.7, and also 
to the point ( -1 , -1 , -1 , -1 ,  1, 1, 1) C V(~/7) C ~7. 
To illustrate the quadratic residues, also take n = 8 so p = 7. Then X0 = {0, 1, 2, 4}, 
X1 = {1,2,3,5},X3 -- {2,3,4,6},)(4 = {0,3,4,5},325 = {1,4,5,6}, and )(6 = {0,2,5,6} 
form seven 4-subsets of {0, 1, . . . ,  6}, each pair intersecting in two elements. Thus they 
form a /(7 C K(7 ,  4, 2). 
Figure 7 : The 7-point, 7-line, projective (Fano) plane 
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B 
D 
Figure 8 : Regular pentagon ABCDO 
Definition 1.2 of a Hadamard matrix has an obvious generalization to s × n matrices, 
(s < n), by simply requiring the rows to be orthogonal. Combinatorially it is equivalent 
to Ks-1 c K(n  - 1, 2m, m). Important examples of such matrices occur in algebraic 
topology, the so called "Hurwitz-Radon" matrices related to vector fields on spheres. They 
were discovered independently in 1923 by A. Hurwitz and by J. Radon, for an example 
of an 8 × 16 H-matrix cf. [11], p.4 (one obtains a H-matrix by setting x0 . . . . .  x15 = 1 
in this example), also cf. [25] for the method of construction. 
To close this survey we ask whether the regular polytopes 6'2o, C12 (in R 3) and C600, C120 
(in R 4) might have simpler models, perhaps in a higher R ~, using only integral lattice points 
(as holds for the models of all other regular polytopes). This is in fact not possible, since 
each of these four polytopes contains regular pentagons, and a regular pentagon cannot 
be embedded in the integral lattice for any R", cf. [2], [3], [15], [17]. An extremely simple 
proof of this fact (illustrated in Figure 8 above) can be given by vector geometry, since 
= ~ + ~ = O-~ + ~-. O~. Thus, if O, A, D have integral coordinates, then B has 
irrational coordinates involving ~- (or equivalently v~). 
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